New aspects of the complex sine-Gordon theory are addressed through the reformulation of the theory in terms of the gauged Wess-Zumino-Witten action. A dual transformation between the theory for the coupling constant β > 0 and the theory for β < 0 is given which agrees with the Krammers-Wannier duality in the context of perturbed conformal field theory. The Bäcklund transform and the nonlinear superposition rule for the complex sine-Gordon theory are presented and from which, exact solutions, solitons and breathers with U(1) charge, are derived. We clarify topological and nontopological nature of neutral and charged solitons respectively, and discuss about the duality between the vector and the axial U(1) charges.
The complex sine-Gordon theory, which generalizes the well-known sine-Gordon theory with an internal U(1) degree of freedom, first appeared as a model of relativistic vortices in a superfluid [1] , and also independently in a treatment of O(4) nonlinear sigma model [2] . Recently, Bakas has shown that the complex sine-Gordon theory may be reformulated in terms of the gauged Wess-Zumino-Witten(WZW) action and interpreted the theory as the integrably deformed SU(2)/U(1)-coset model for the parafermions in the large N limit for the level N [3] . This led to subsequent generalizations of the sine-Gordon and the complex sine-Gordon theories to other coset cases [4] [5] [6] as well as generalizations of solitons and breathers with internal degrees of freedom [7] . Reformulation of the theory as the deformed coset model also provides a natural explanation for the behavior of exact factorizable Smatrix [8] .
In this Letter, we report new aspects of the complex sine-Gordon theory which arises from the reformulation of the theory in terms of the gauged WZW action and a specific choice of the gauge described later. We find the exact duality between the theories for the coupling constant β > 0 and β < 0. We show that this agrees precisely with the Krammers-Wannier duality between the spin variables s j and the dual spin variables µ j of Z N -parafermion theory [9] . 3 We derive the Bäcklund transform and the nonlinear superposition rule for the complex sine-Gordon theory from the gauged WZW action in the gauge A =Ā = 0, from which exact solutions, solitons and breathers with U(1) charge, are obtained. We clarify the topological nature of soliton solutions. It is shown that charged solitons are in general nontopological solitons and become topological only when they become neutral. We also address the duality between the axial and the vector U(1) charges of the complex sine-Gordon theory.
The complex sine-Gordon theory in terms of the gauged WZW action is given by
where I W ZW (g) is the SU(2)-WZW action for a map g : M → SU(2) on two-dimensional Minkowski space M. The connection A,Ā gauge the anomaly free diagonal subgroup U(1) of SU(2) and T = −T = iσ 3 = diag(i, −i) where σ i ; i = 1, 2, 3 are Pauli matrices. This action possesses the local U(1) vector symmetry as well as the global U(1) axial symmetry. The equation of motion of the action (1) takes a zero curvature form,
which, together with the constraint equation
defines the theory at the classical level. In particular, the diagonal part of the equation of motion (2) , when combined with the constraint equation, results in the flatness condition of the connection A,Ā ∂Ā −∂A = 0.
In order to show that Eqs. (2) and (3) are indeed the complex sine-Gordon equation, we introduce a local parametrization of g,
and denote that A = aσ 3 ,Ā =āσ 3 . Then, the constraint equation (3) can be solved for a,ā such that
which may be used to bring Eqs. (2) - (4) into a more conventional form of the complex sine-Gordon equation,
After the integration over A,Ā, the action (1) reduces to
The second term with a logarithmic expression breaks the reality condition, whose peculiar behavior arises from the fact that it comes from the Wess-Zumino term. However, this term does not contribute to the equation of motion in Eq. (7) but is needed for the current conservation in Eq.(38). As we see below, the nonreality of the term does not cause any physical problems. The singularity at uu * = 1 comes from the elimination of A,Ā and is not a real singularity of the theory. At uu * = 1, A andĀ become indeterminate from the constraint equation thereby causing the aparrent sigularity over the integration. Since uu * = 1 is precisely the vacuum of the theory for β < 0, it shows that the WZW actional formulation of the complex sine-Gordon theory is more natural than the conventional expression in terms of local fields u and u * only. Moreover, we show that it reveals some salient features of the theory when we introduce the following gauge fixing; the U(1) vector gauge transform g → exp(iφσ 3 )g exp(−iφσ 3 ) changes θ in Eq.(5) by θ + 2φ while leaving u and the complex sine-Gordon equation (7) itself invariant. Owing to Eq. (4), we may fix the gauge by setting A =Ā = 0. This is possible when the holonomy of the flat connection is trivial which is the case for the flat Minkowski base manifold. The constraint equation in the gauge A =Ā = 0 becomes
which may be solved for θ by integration,
In the gauge A =Ā = 0, we assert that the theory is symmetric under the duality transform;
which interchanges the sign of the coupling constant β. It is easy to check that the equation of motion (2) and the constraint equation (3) with A =Ā = 0 are both invariant under the duality transform. In components, if we define the dual field g D by
the duality transform is expressed by
The theory is also symmetric under another type of duality transform,
which is identical with Eq.(11) except for the change of the sign of θ. The duality in Eq. (11) may be compared with the Krammers-Wannier duality of the Z N parafermion theory bewteen the spin variables s j and the dual spin variables µ j . These spin variables are given by
are the primary fields of the Z N parafermion theory which is related to those of the WZW theory by
where χ(z),χ(z) are U(1) scalar fields [10] [11]. In the case j = 1, the primary fields of WZW theory Φ (1) may be given by the adjoint representation of g,
where T a are generators of the algebra su(2). In the limit N → ∞, Eq.(15) shows that the spin variables can be written directly in terms of the WZW primary fields such that
where T ± ≡ (σ 1 ± iσ 2 )/2. Thus, the Krammers-Wannier duality which interchange s 2 and µ 2 agrees precisely with the duality transform in Eq.(13). If we assume that u = u * = cos ϕ, then the complex sine-Gordon equation reduces to the well-known sine-Gordon equation ∂∂ϕ = 2β sin 2ϕ and the duality transform reduces to the more familar one,
The duality transform also relates exact solutions of the β < 0 case with those of the β > 0 case. To better understand the vacuum structure of the theory, we introduce another parametrization of g which is equivalent to Eq. (5),
The potential term then becomes
so that the vacuua for β < 0 are specified by
while those for β > 0 are
It is easy to check that these two vacuum solutions are related by the duality transform. In order to adjust the vacuum to possess zero potential energy, one has to add a constant term to the potential in which case, the coupling constant β can be treated as a mass parameter in the perturbative approach. The degeneracy of the vacuua predicts the existence of a soliton solution with a topological soliton number ∆n = n 1 − n 2 which interpolates two different vacuua characterized by integers n 1 and n 2 . In the following, we derive solitons explicitly from the Bäcklund transform for the complex sine-Gordon theory. The Bäcklund transform can be compactly given by
where δ is an arbitrary parameter and Ψ g , Ψ f satisfy the linear equations,
If we eliminate Ψ g , Ψ f from Eqs. (23) and (24), we obtain the Bäcklund transform in terms of g and f only,
If we apply∂ to the first equation in Eq. (25) and combine with the second equation, we see that g and f both satisfy the complex sine-Gordon equation. It is easy to convince that Eq. (25) is also consistent with the constraint equation (3) 
and their complex conjugates. These equations and Eq.(10) may be readily integrated to yield the 1-soliton solution,
where
is the velocity of the soliton, cos α and sin α; −π ≤ α < π are the constants of integration and t ≡ 
from which we obtain the 1-soliton for β > 0,
This agrees with the 1-soliton for β < 0 through the duality transform. The u-part of the soliton solutions are obtained previously by Lund and Regge [1] for β < 0 and by Getmanov [12] for β > 0. Before discussing the physical meaning of the 1-soliton solutions, we note that 2-solitons and breather solutions can be also obtained from the following nonlinear superposition rule; let g 1 and g 2 be two solutions generated by the Bäcklund transform from a known solution g 0 with respect to the Bäcklund parameters δ 1 and δ 2 . If we take the Bäcklund transform again on g 2 with the parameter δ 1 and also on g 1 with δ 2 and require the commutability of the process, i.e. require that both of them result in the same g 3 , then we have from Eq.(23)
This may be solved for g 3 in terms of g 1 and g 2 such that
which represents a nonlinear superposition rule for the complex sine-Gordon theory. In particular, if we choose g 0 as the vacuum solution in Eq.(21) then g 1 and g 2 become
whereas g 3 is given by Eq.(31). Σ k and Θ k are to be determined by the choice of parameters δ 1 and δ 2 . Following three specific choices of parameters are of interest; i) soliton-soliton scattering;
ii) soliton-antisoliton scattering
iii) breather
which can be shown to agree with the sine-Gordon cases when α k = 0.
Finally, we address the physical meaning of the parameter α which can be inferred from the global U(1) symmetries of the theory. Recall that the complex sine-Gordon theory as defined in Eq. (1) is invariant under the local vector U(1) and the global axial U (1) transformations. After the gauge fixing A =Ā = 0, the residual symmetries are the global vector and axial U(1). The global axial vector transformation is
or, in components,
The conserved axial currents J A ,J A satisfying the relation,∂J A + ∂J A = 0, can be obtained directly from the action in Eq.(8) by the Noether method,
where the function F satisfies F ′ (x) = 2ln(−i √ 1 − x). We caution that the action in Eq. (8) is an effective action where the constraint Eq. (3) is imposed. The Noether method can be applied consistently only when the constraint is invariant under the axial transformation which is indeed the case. The conserved axial charge arising from currents in Eq.(38) is
Thus the axial charges of 1-soliton solutions computed in the rest frame are
which shows that the parameter α characterizes the U(1) charge of solitons. If sin α = 0, the axial charge is indeterminate because of the singular behavior of Q A at uu * = 1. As stated earlier, this relects the fact that A,Ā are indeterminate at uu * = 1. Here, we simply take Q A to be zero. This may be done more rigorously by taking an appropriate limiting procedure in the gauge A =Ā = 0, which however is physically irrelevant. In the case of the vector U(1) symmetry, we note that the duality transform in Eq.(11) relates the axial symmetry with the vector symmetry in the following way; if we perform the axial transform in Eq.(36), then the dual field g D = iσ 1 g changes according to the vector transform,
This implies that the conserved vector currents and charges are dual to the axial ones. That is, the vector charges Q V are given by
whereas the vector currents J V ,J V can be obtained by taking the dual transform of the axial currents such that
Another aspect of the parameter α is that it dictates the topological nature of solitons. If cos α = 0, the solutions in Eqs.(27) and (29) trivially reduce to the vacuum solutions in Eqs. (21) and (22). If sin α = 0, it is easy to check that the analyticity of the solution requires that ∆n = ±1, i.e. it becomes a topological 1-soliton (antisoliton). For cos α = 0 and sin α = 0, the continuity of the solution requires that ∆n = 0, which shows that charged solitons are nontopological. Nevertheless, they are stable against the decay into multi-nontopological solitons and mesons. This semiclassical stability may be shown by the mass formula 4 for the nontopological soliton of charge Q [8] M(Q) = 4m λ 2 | sin
It is easy to check that M(Q 1 ) + M(Q 2 ) > M(Q 1 + Q 2 ) which prohibits the nontopological soliton from decaying in two solitons conserving the charge. Also, the decay into the elementary meson of charge 1 and mass m is suppressed by the bound M(1) = 4m λ 2 sin λ 2 4 < m.
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